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1. INTRODUCTION

In a nonequilibrium relativistic beam-plasma system with a slowly varying,
nearly spatially independent background distribution without external fields,
the total field, excited in the beam-plasma and associated with a collective

- bremsstrahlung process involving a test particle, has two parts. First, it
&) has a regular part with a relatively slowly varying phase associated with the
i nonradiative field of the test particle and its induced dynamic polarization,
and it also has a stochastic part with an irreqular rapidly varying phase
associated with the bremsstrahlung radiation field.! Thus, the Fourier trans-
form of the total field involved in the bremsstrahlung process is given by

B = B + B (1)

where Eﬁ and t are the regular nonradiative component and the stochastic
bremsstrahlung component, respectively. The regqular part, Eﬁ, of this field
is assumed to consist of four parts in sufficient approximation; namely,

R +>(1) »(2) *>(1) #(2)
Be = B + B + Bapk + Edpk - (2)

Here ﬁi" is the self-field associated with the unperturbed motion of the
relativistic bare test particle, ignoring its induced dynamic polarization.
The field g{Z) is the field asioc1ated with the perturbation in the bare
particle motiori. The fields E and ﬁ k are fields produced by the dynamic
polarization current induced by the test particle to second and third order in
the total field, respectively.

In sections 2 through 5, the dispersive characteristics and stochastic
properties of the bremsstrahlung field are reviewed, the field due to the
perturbed bare test particle trajectory is calculated from the associated
current, and the dynamic polarization current is used to calculate the field
which it induces. 1In section 6 an expression for the total field is obtained,
and in section 7 the results are summarized. Expressions for these fields are
needed in calculations of the total nonlinear force on a relativistic test
particle involved in collective bremsstrahlung in a nonequilibrium beam-plasma

'(
W]

. 12. v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys., 1 (1975), 371].
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system. l/%/t 7he latter is needed in calculations of collective bremsstrah-
lung processes and the congitions for the occurrence of a bremsstrahlung
radiative instability,l7%s*

2. DISPERSION RELATION FOR THE BREMSSTRAHLUNG FIELD

In zeroth approximation the dispersive properties of the bremsstrahlung
radiation field & are governed by the poles of the linear photon Green's
function G_ (k) for the beam-plasma. The latter determines the mode disper-
sion relatrn Thus,

»st +0(0)

Be =B (3)

where the electromagnetic waves gg(O) of mode ¢ satisfy the following disper-
sion relation:

~

IG;:‘(k)l =0 . (4)

The linear photon Green's function Gm(k) follows from the linear Maxwell's
equations in the beam-plasma system, namely,

3+— , (5)

la. v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys., 1 (1975), 371].

23, v. Akopyan and V. N. Tsytovich, Transition Bremsstrahlung of Relati-
vistic particles, Zh. Eksp. Teor. Fiz., 71 (1976), 166 [Sov. Phys. JETP, 44
(1976), 87].

3a. V. Akopyan and V. N. Tsytovich, Bremsstralung Instability of Relati-
vistic Electrons in a Plasma, Astrofizika, 13 (1977), 717 [Astrophysics, 13
(1977), 423].

Yv. N. Tsytovich, Collective Effects in Bremsstrahlung of Fast Particles
in Plasmas, Comments, Plasma Phys. Conf. Fusion, 4 (1978), 73.

*H, E. Brandt, Nonlinear Force on an Unpolarized Relativistic Test
Particle to Second Order in the Total Field in a Nonequilibrium Beam-Plasma
System, Harry Diamond Laboratories, HDL~PRL-82-7 (May 1982) (to be published
as HDL~-TR-1995, 1983).

H. E. Brandt, Nonlinear Dynamic Polarization Force on a Relativistic Test
Particle in a Nonequilibrium Beam-Plasma System, Harry Diamond Laboratories,
HDL~PRI~82-6 (May 1982) (to be published as HDL-TR-1994, 1983). '

H. E. Brandt, Theoretical Methods in the Calculation of the
Bremsstrahlung Recoil Force in a Nonequilibrium Relativistic Beam-Plasma
System, Harry Diamond Laboratories, HDL~PRL-83-6 (April 1983) (to be published
as HDL-TR-2009, 1983).
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sz=--ﬁ. (6)

The Fourier decomposition of the fields is given by

. B el (ReF-ut) (7
and
2o [ et (Ref-ue) (8)
where
& = a% aw . (9)

The assumed forms of the constitutive relations for the beam-plasma system are

B
+ k
Hy ='u"; ’ (10)
where u, is the permeability of free space, and
Dej = €35(K)Ecy (11)

where ei-(k) is the dielectric tensor for the beam-plasma system, and sum-
mation over repeated indices is understood. From equations (5), (10), and
{11) it follows that

Tg )i + twesj(k)Bky = dxi (12)

where f’ is the Fourier transform of the nonlinear and external current densi-
ty, and from equation (6)

>

B = —— B . (13)
w+ ib

Here § is a small imaginary part of the frequency. Next, substituting equa-
tion (13) in equation (12), then

¢ I3 «
uo(w + 18) [kx(ixﬁk)]i + 1weijEkj = Jgi (14)

But one has the following vector identity,

Rx(Rxty ) = (BB R - k28 . (15)

Substituting equation (15) in equation (14), then

r.' J’,“n’ f.- -. &f%"\"""\\ﬁ. ._.{_ -:.-' ~{f '.;-"-'

:“-\Q‘: "L.‘Ht‘.h ‘
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i
Polw + 18)

(Kefick; - k2B ) + iwejjBky = Jki - (16) o
Equation (16) may be rewritten as

-1 .

GijBky = - TEIE ki - (17)
where

-1 1 2

G;y = ——————— (Kk.k; - k¢6.;.) + €. (18)
17y (e + 18)2 (kyky i3) * ey

where §.. is the Kronecker delta. For a spatially isotropic system, the
dielectric permittivity tensor is given by5'6'7

kiks kiks
Elj(‘k’pW) = (61j - —;‘—f)et(l':',w) + :ZJ el(l:,w) ’ (19)

where €, and €, are the transverse and longitudinal permittivity, respec-~
tively. Substituting equation (19) in equation (18) and combining terms, then

-1 ( x2 )6 ( k2 ) kikj (20)
Gijs = -— - - g - .
137\ olw + 16)2/ 13 e uolw + 18)2/ k2
Treating equation (17) as a matrix equation, then

i

B B - cem—— G TV . (2“)
ki w+ib ijIkj
The matrix Gij inverse to GI; is easily obtained from equation (20); namely,
G kikj + w? § - -—-kikj (22)
13 T ¥2¢ 2 \'ij z)
2 _ k< k
L g (w+1id) ug

Checking that equation (22) is in fact the inverse, one notes, using equations
(20) and (22), that

Sa. I. Akhiezer, I. A. Akhiezer, R. V. Polovin, A. G. Sitenko, and K. N.
Stepanov, Plasma Electrodynamics, 1, Linear Theory, Pergamon Press (1975),
206.

6y, N. Tsytovich, Nonlinear Effects in Plasma, Plenum Press, New York
(1970), 31.

7v. N. Tsytovich, Theory of Turbulent Plasma (Consultants Bureau), Plenum
Press, New York (1977), 63-65.
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mi Gij ct uo(w'l-iﬁ)z t . uo(w+i6)2 k2 (23)

kikj w2 \ k1k3>] s
X k2¢ + ) k2 ij = k2 T omj
L -

€ (w + 18)2

o

as it must. Equation (21) can be equivalently written in the following form:

= -_j-'_ 3
Exn = W+ id ConJkm ¢ (24)

since the 1linear photon Green's function equation (22), for the isotropic
plasma is a symmetric tensor. According to equation (4), the poles of this
function determine the zeroth order dispersion relation for the bremsstrahlung
in the isotropic case.

More generally the dielectric tensor is related to the linear conductivity
tensor by

Eij = Cosij + m . (25)

Equation (25) follows through a comparison of equation (12) with the vacuum
form of Maxwell's equations; namely,

i i . .
Yo (l-t’ x B )i + iweg8i3Bky = 055(K)EBky + ki (26)

where the explicit linear current in terms of the linear conductivity has been
introduced on the right,* jki designates the nonlinear and external contribu-
tions to the current, and the vacuum dielectric tensor has been introduced.
Thus, moving the first term on the right of equation (26) to the left and
comparing with equation (12), then equation (25) follows.

By equation (47) of HDL—TR-1994,* the linear conductivity tensor °ij in
the beam plasma system is given by

> > g

K evg KmVs- R(0)
Z [dsps Vsi 6 (1 T w+ 16) t e s i:l o Ps (27)

a = L ]

13 (2m)3 i(w- Kevg + 16) 9Pgm

*H. E. Brandt, Nonlinear Dynamic Polarization Force on a Relativistic Test
Particle in a Nonequilibrium Beam-Plasma System, Harry Diamond Laboratories,
HDL-PRL-82-6 (May 1982) (to be published as HDL-TR-1994, 1983).
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Here, s is a species label. Substituting equation (27) in equation (25), then
the linear dielectric tensor for the beam-plasma system is given by

> . . k‘V R(0O)
A 3[5393 "s:l.[GJll(1 “w+ 16) w + 16 afpé

- —_— '
&y = by + TTTE ls-ae (2m)3 (o -7538 +16) Pgm (28)

in which case equation (18) becomes

1 - k2¢, . .
613 rta ¥ 10)2 (kikj k 513) + g8,
' L3 K V.-
d3§ vsi [5_m(1 - ._‘_,L + _Aﬂgl__ afR(O) (29)
. z: J w+ id w4+ isd Pg .
IS " (2m)3 w - ﬁ-\‘r’s + ié Pgp

It should be noted that equations (27), (28), and (29) are in fact symmetric
in i and j which follows after a simple integration by parts. The zeros of
the determinant of the matrix equation (29) must give the dispersive prop-
erties of the bremsstrahlung field.

From equation (19) one has that

kikj
and

Substituting equation (28) in equations (30) and (31), then in the spatially
isotropic case, the longitudinal and transverse dielectric permittivity are

given by
> > P>
1 e [ adpg kevg P r _R(0O)
- €p = €5 + — keV, £ 32
‘ 2T T T s 16T K2 ) (23 w - Revg + 16 Pg"Ps (32)
and
. R(0)
€ = €g + ——t—) -3 ]daps [kzv R B0 k ]afps (33)
" 2(w+ 18)2%x2 J (2m3 M w-Kevg + 46  "Jpgm

If the background distribution functions fgéo) are also isotropic in momentum
space, then they depend only on particle energy; namely,

R(0) _ ¢R(0O)

o, o, (eg)

’ (34)

10

o i



where Jf
T

€g = (pgcz + mgc")l/2 . (35) _‘4

Then S
o

R(0) R(0) R(0) R(0) %

of of ] of c? f -

—Ps _ _ % _ %%pg Psm®” _ S . (78) i

gy eg Pgn e €s 9eg 2

d

Substituting equation (36) in equation (28) and simplifying, then for the case "

of isotropy in momentum space, one has

R(O)
32 of
1 o ] 9°Ps VsiVsj Pg
€4 = i3 +——S% e . (37)
ij = %% + o7 16§ s f(2n)3 (w- kKevg + i6§) 9€s

Substituting equation (37) in equations (30) and (31), then in the case of
isotropy in momentum space, the longitudinal and transverse dielectric permit-
tivity are given by

R(0)

+> > >
€o = En 4 — Zeg [daps (kevg)?2  3fpg (38)
L N 165 k2 J (2m)3 w - Kevg + 16 9€s
and
> > > R(0)
e = € + 3 ——3 ef fdsps Sl Gl (39)
20+ 165 (2m)3 w- Kevg + i8 Q€s ’

and the zeros of the determinant of equation (20) along with equations (38)
and (39) then give the dispersion relation for the bremsstrahlung in this
case.

3. THE STOCHASTIC PROPERTIES OF THE BREMSSTRAHLUNG FIELD

As stated earlier, it is to be assumed that the bremsstrahlung field re-
sulting from the particle scattering in the system is stochastic, having an
irregular rapidly varying phase.! To the needed order, the phase of the
stochastic bremsstrahlung field is assumed to change randomly during a typical
interaction period, and the time average is assumed to be the same as the
average over the stochastic ensemble. In particular it is assumed that for
this stochastic field the following averages over the statistical phase
distribution apply approximately; namely,

1a. v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. P.lazmy, i (1975)' 673 [Sov. Je. Plasma Phys-, i (1975)' 371]0
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<Ei‘i"> , (40)
<Ek1Ek13> = | stlz S(k + ke exi®ky ¢ (41)

where ak is the unit polarization vector for the stochastic field.

P
LS
3 .l'

LIRS

Equations (40) and (41) are deduced as follows. Representing the stochas-

‘l

tic electric field in terms of its modulus, Ay, and phase, ¢k' one has E-
Eif = ekiAkel¢k = ekiAk(cos $ + 1 sin ¢k) . (42) =
. Therefore, the average over the statistical phase distribution <E§§> is given
v by
: <EpL> = e A (<cos ¢ + i sin ) . (43)

But assuming random phase to the needed order, then clearly

b <cos ¢ > = <sin §> =0 , (44)

and equation (43) becomes equation (40). Similarly,

<E§EE§?;> = ekieﬁ.jAkAk.<ei¢ke-i¢k'> . (45)
But

<ei¢"e‘i¢k'> = <ei(¢k-¢k')> =8 (46)
since it is vanishing unless k = k' and unity when k = k'. Substituting

equation (46) in equation (45), using the property of the Kroneq&gr deglta,
denoting k' by -k1, and usiag the reality property of the field (E-k = Ek),

then
st.st = 2 . ,
Bifx 3> = Ski®kiPkOx,x (47)
Next, one may define the quantity | | in terms of the modulus Ak by
st|2 = a2 '
_ |EE%|28(x + x,) = A6y x (48)

Then substituting equation (48) in equation (47), equation (41) follows.

Furthermore, using equation (3) in equations (40) and (41) one has for the
stochastic properties of the bremsstrahlung radiation field the following:

&Z% -0 , (49)
<€A O8UM>5 = efied |22 8(x + k) (50)

20

where

is the unit polarization vector for mode o.
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4. THE FIELD DUE TO THE PERTURBED TEST PARTICLE TRAJECTORY

The trajectory of a relativistic test particle of species a moving through
the beam-plasma system is given by
&>

£ =9 t + AF

«= Vo a (51)

vhere 3‘: is the unperturbed wvelocity and A¥ and AV_ describe the perturbation
in the trajectory and the velocity, respectively. Provided the conditions for
the plasma Born approximation are satisfied--namely, that the relativistic
particle momentum be much greater than the electromagnetic impulse received by
the particle in a time interval given by the inverse electron plasma frequen-
cy--then the perturbed motion is given by equation (36) of HDL-TR-1995:%*

a YRa (“,_f{.;,’a... i6)2 w+ 16 w+16

(52)
*
. 2d'a f d?@Q 3 Ek e'l(“"k"’a)t .
Yd“ac (m - Kev  + 16)2

Here ey My and 3a are the charge, mass, and unperturbed velocity of the test
particle, respectively. (For notational convenience, the naught in HDL-TR-
1995 is dropped here.) The unperturbed relativistic factor Ya is given by

vy = [1 -(‘é:'-)z]'l/z . (53)

The perturbation in the velocity is given by equation (35) of HDL-TR-1995:*

. > >
g3 3. -i (u)-k-va)t
Y - Yo"a w+ i6 w+is/) w- RV +i8 (54)

-1 (kT )t

igg aﬁke .
Yo of c2 w - k°va+ ié

The ith component of A3a, equation (54), can be equivalently rewritten as
follows:

*H. E. Brandt, Nonlinear Force on an Unpolarized Relativistic Test Parti-
cle to Second QOrder in the Total Field in a Nonequilibrium Beam-Plasma System,
Harry Diamond Laboratories, HDL-PRL-82-~7 (May 1982) (to be published as HDL-
TR-1995, 1983).
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Avd Ygla dak d c2 613 Ek] 1 o+ 16 ( )

> i(wkev )t
vaq?‘k] e ¢

w+ id

> > .
m-k-va+ ié

The current density due to the actual charge of the test particle is then
given by
’

3= ey(fg+ W83 - - &2

a o) (56)

Expanding the delta function in equation (56) for small Ai"a, then to lowest
order in A?a,

> (-)
= e,V

Ja a

G BB - Te) - a2 veI(E - Fe)] . (57)

Thus, to lowest order in A « and A3a, one has

3.= 300+ 32, (58)
where
30 _ e F 632 - ) (59)
and
*>(2) _ > 23 > > . 6 3( >
36 = eqtVo83(F - Vot) - eqiahZq V83(Z - Vot) . (60)

The Fourier components of these currents at the position of the test particle
are given by

(1) _ Jadat . -i (ReF-ut

qui _‘[(2“)“ Jai)(?it)e l( ) (61)
(2) _ | a3% at .(2)(2 .\ -i(ReP-wt

Joki —.[(211)“ Jai (r,t)e ( ) . (62)

Substituting equation (59) in equation (61) and integrating over the delta
function, then

(D>
(1) _%d¥ad [ at -1 (Rev y-u)t
Joki (2")3]7‘1: e . (53)

Next, recognizing the integral form of the delta function appearing in equa-
tion (63), then

e v
1) = 2R 8w - Re3,) . (64)

14
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J&El = [___d3i-’ dt o Av,. 83(Z - ¥ t)g"i(k"g"”t)

(65)

’ .
- f (;'lt)E eGVaiA;u’[%a(; - ;at)]e-l(f';-wt)

The second integral in equation (65) can be simplified by integration over
space by parts and dropping surface terms. Equation (65) becomes

j(z.) = m—e AV 63(: - V t) ‘l(k';-mt)

oki (2m)4 o~ Vol

a3 av at o 63(r -V t)l)? -i (Ref-wt) . (66)
(zm)*

Integrating over the delta functions, then

i (Kevg-w)t

. (2) dt
io= e dvyie
Joki ](2”“ aVai

dt i (K ov
-1 f eqvuie vou)t KeaZy .
(2m*

(67)

Next, substituting equations (52) and (55) in equation (67) and integrating
over the time, then

(2) -ie VaiVaj d3k1dw1 [ k1 'Va
Jaki = 7am<x( c2 6ii-j)_[ (2m)3 ! T + 16

ik] (0 = my - (R - #)):3)

+ k
1 w, + 10 >
J 1 0)1 - k«| .VG + ié * N (68)
> Rk, ¥ -E(
> k1-v 1Va 1
ieg fd3l'c'1 dw, k'Ek1 1 - w, ¥ 16 w, + 18
+ v
Tog o (2m)3 (wy, - Ry o¥, + 18)2

x §(w-w - R- R )¥V,)

> > >
ie2g j‘dal?.lduu1 Kevy va'§k1

v_.
Yee? (2m)3  (wy = B, o¥, + i68)?

5w - w - (-7 )9,) .

Simplifying equation (68), then
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je2 ¥%.dw, B, j N
(2) o _1ea [ 94%,49 k4] 6. - Rl 3
3 gk Ya'“af (2%)3 w, + i S(m n R Va * 21 v“)

V.V RyoV. v Kesv
5 aVay 1°Va VaiVay 1iVaj (69)
i, x P - +
13 c? (wy = Ryo¥g + 18)c?  w - R oV, + 18
‘* kjv“-1 Vu.ivajk"i'l a)]fc'O{r'a vaivaj
+ + - .

Usin the property of the delta function to replace (w - ;1 -3(!) by
(w - f'va) in the fourth, fifth, and sixth terms of equation (69’, then

aki YoMy J (2m)3 w, + 16

§(w - w, - E-w}'u + k1-3a)

> >
kj Vi * k1ivaj k'k1vo.ivaj VaiVaj
x 613 +

+ - (70)
w - l?-\}’a + 1ié (w - R’-O’a +1i6)2 c?
%, 87
1*VaVaiVaj W VaVaiVaj }
(W - RyoVg + i8)c2 2 (wy - Ryo¥, + 168)2) >
e
Changing the integration variable k, = (w1,fc’1) to -k,, equation (70) becomes i
1e2 [a¥kx, aw, EBx,j N
= W+ w - |k + kv .
Yaki Yodla (2m)3 -w, + i8 ( 1= 1) o)
> .
s KiVai = KqiVgj KK Vaivay ViV o 4
x .+ - -
13 7 - Revy + 16 (w- Rev, + i6)2 c? o
hY
> > -
l'c'1 VoV Vo wy ﬁ'vavaivaj } ‘
- + — . L)
> > » > :
cz(w1 - l?1 Vg - i§) <2 (w, - l?, Vo - 18)2
Combining terms and using the property of the delta function, one notes that ‘
VoV R, o8 vy v K
ad ¥ o 1 Vatal o) K
6(w + W - ﬁ°3u - E1 -\70) [— 2 - ramry 2 >
. e (uy - &y e¥, - i8)e (72)
+ — = §lw+ w -~ Kev_ - v . ‘
c2 (w, - &, +¥, - 18)2 ! @ Tl o2(y - ReF, + 16)2 N
Substituting equation (72) in equation (71) and using the reality property of y
P * et
v the field ( = E—k)' then :
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(2) . _ C2ed _ .2 Nl
jak ie, (2m) 3 o - 3 G(w + Kev, - Kk, va)Aij (k1,k) , (73)
where
ww
v.o.v..(ER, - —L
(a) ®a Vaiky T K1iVej o “3( ! cz)
My Gk) = o Jos + - . (7a)
a w - 1’{.3“- i (0= ReJ, - 16)2
The currents j(1? and j(2} given by equations (64) and (73) are the cur-

rents associated with the unperturbed motion and the perturbation in the
motion, respectively, of the bare particle. By the same arguments leading to
equation (21), the components of the field due to the unperturbed and pertur-
bed test particle trajectory are given by

(1) _ _ i (1) 75
n w+ id nmJkm (73)

and

el2) _ _ i
n w+ ié
respectively. Therefore, substituting equations (64) and (73) in equations
(75) and (76), one obtains

.(2)
Crndkm’ ¢ (76)

(1) _ ie, >
"kn' =~ (2m)3(w + i8) VoS (%) 8(w - Ko¥,) (7
and
*
dk B 3
(2) ey . 1 13 (a)* .
nT T 2n3(w + 16) G““‘(k)jw, T Mg Kak)sle vy - ReFy - Ry ),

(78)

Equations (77) and (78) agree with equations (16) and (17) of Akopyan and
Tsytovich, 1975, ! except for erroneous overall factors of (27)~3 and (2%)73i
appearing there in equations (16) and (17), respectively. The indices n and m
are interchanged there as they are in the defining relation, equation (14) of
Akopyan,1 compared to equation (21) here. However, a spatially isotropic
plasma is assumed there, so according to equation (22) the Green's function is
symmetric, namely G, = Gnm' Also in Akopyan,1 single-wave particle resonance
is ignored, in which case the small imaginary part ié in equation (74) is

1la, v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys., 1 (1975), 371].
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ignorable, j becomes effectively real, and the complex conjugate sign in !

equation (78) may be removed. The additional factors of (4m)(27)3 in equation 1

(16) and (4%) in (17) there are due to the Gaussian form of Maxwell's equation o
used there compared to the MKS form used here, and to the difference in Fouri-
er transform convention. For example, in equation (5) of BAkopyan and

Tsytovich, 1975, 1 the Fourier transform convention employed has a factor of
(2%)73 in the inverse Fourier transform in the integration over the three-
dimensional wave vector space, and a factor of 1 for the integration over
frequency, giving a total factor of (2w) 3, In this report, a total factor of
1 is used, as in equation (7), for example. Likewise, the Fourier transform
itself then has a factor of (2m)~l there and (2m)~" here, as in equation (61),
for example.

5. THE FIELD DUE TO THE DYNAMIC POLARIZATION CURRENT

The Fourier transform of the dynamlc polarization current to third-order
induced in the beam-plasma is given by *

Towe = 348 + 368 35

The linear polarization current density 3(1) is given by

gl = ] el oomy -

o Its effects are manifest in the linear Green's function for the beam-plasma
‘h system as discussed in section 2. he second-order and third-order polar-

ization current densities j(2 and j( are given by
dpk dpk

ak, dk,8(k - k, - k)
'(2).3— 1 2 1 2/ ()k,k 'k .

Japki 2: s (“H + iG)(w: + 16) 1 z( 1 2)Ek1JEk22 ’ (81)
and

dk, dk, dk,8(k - k, - ky = k3)
(wy + i6)(w, + i6)(wy + i8) (82)

Jdpki E ®g

t (8)
iglm(k'k1'k2'k3)E1c1jEk 2% ,m

respectively. The sec ~order nonlinear and third-order nonlinear conductiv-
ities for species s, l' and leim, respectively, are given by

la. v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys., 1 (1975), 371].

*H. E. Brandt, Nonlinear Dynamic Polarization Force on a Relativistic Test
Particle in a Nonequilibrium Beam-Plasma System, Harry Diamond Laboratories,
HDL~PRL~-82-6 (May 1982) (to be published as HDL-TR-1994, 1983).
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Pa i i i bt s et lv T R gt S i

d 355 Vsi

(2m3 w - R’-\}’s + 1id sj

s{’;}(k,k,,kz) = e2 f

(83)

v
+ vk C CHN 58 X 3_[¢r(0)
Im Tpsm [apsﬂ, w - )?20\75 + 16 2n apsn Pg

and

4

d3§ Vs
(S) = =i 3 S —§1 . - 3 c.’ .
I3 am(koKkpky) = -ied (2m3 w- Red, + 16 [850 (0 = Rye¥g) + kqqvgy]

EW

s
¥
1\-
Lz
L
-
o

3 1 > >
X 8 - K.
Pgn w - w - (K - By )ev, + 18 [ Zu(“’z 2*Y) (84)
d ! .
14 ) - R,
*xaver] o o e [l - Fat)
9 _R(0)
+ K3qVsn £pg .
sq

The function fR(0) is the assumed slowly varying and spatially independent
background distribution function for species s, whose Fourier transform is

R(s) _ ¢R(0)

£ = f . 85

n K Pg §(k) (85)
To determine the fields defined in equation (2) and associated with the

respective parts of the dynamic polarization current, one proceeds as 1in

obtaining equations (75) and (76). Thus, one has for the fields produced by

the second- and third-order nonlinear dynamic polarization currents, respec-

. tive].Y'

w

s .

'\ (1) = = — 3 . (2) 8
3 Fapkn =~ g Cne ™) apkn (ee)
) and

b

“\i’ (2) i (3)

Y - —t : R 87
3 Edpkn o+ is Gnm(k)Japkm (87)
, Next, substituting equation (81) in equation (86), one obtains

Y

b dpkn =~ 4 45 nm TGS (w, + i8)(w, + i86) (88) .

x Sp3 p (koK ok, VB 3Bk,e
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First symmetrizing equation (88) in (j,k;) and (%,k;), changing variables of
R integration from k; to -k; and k, to -k,, and using the reality property of
the field, then equation (88) becomes

; gl1) i 2: dky 92 o7
Y (k) 6k + k, + k
S Fapkn 2(w + i6) Snm © [(m1 - i8)(w, - i6) ( ! 2) S
R (89) -7
. (8) (e x. - (8) e . - * g* :
e x [Smgz(k, Kyi=ky) + Sppd (k, KoK, )]E,“jzkzl . E

Comparing equation (89) with equation (22) of Akopyan,l a disparity of a
factor of (1/2)(41r)(21r)'6 in the latter js apparently due to explicit inclu-
sion there of a self-field factor of (1/2), the use of Gaussian units, and the
different Fourier transform and normalization conventions chosen there. The
factor of (1/2) is either a typographical error or results from explicit
inclusion of a factor of 1/2 associated with self-fields. For the generic
expression, equation (89), it is preferable that such a factor be maintained
implicit until the formula is applied explicitly and a self-field factor of
(1/2) is needed. The factor of (411) is due to the use of Gaussian units

A there. One of the factors of (27) % is due to the differing Fourier transform
§ convention. Because of the different Fourier transform convention, the coun-
terpart of equation (81) would have an additional factor of (27)~3. The other
}? factor of (2m~3 s apparently due to the different normalization

of fg(o) there. In short, the f%(o) there is evidently (2%)3 times that
here. Alternatively, if the normalization is the same as that here then there
is an erroneous factor of (2%)~3 appearing there. An isotropic plasma is
assumed there, in which case by equation (22) the Green's function is symmet-
ric, namely, G“m = G However as already noted the indices of Gy re
interchanged in Akopyan and Tgytovichl in the definition of the Green's Jfunc-
tion. It appears, however, that there are typographical errors there. The
complex conjugate sign on the fields and a factor of e, are left out. Also,
there in the second-order nonlinear conductivity, one notes from equation (83)
that*

(s)* -(s)*
smgp(kik1iok) = Sa3y (-kk1,kz) = -5e5) (kokyok2) (90)

where § gi(k k1 ,kz) designates the conductivity tensor appearing in Akopyan
and_Tsytovich. ! In the la st step of equation (90) it is recognized that
S&gk(k,kpkz) differs from Smjz(k k4 ,kz) here in that the first. complex de-

nominator w - Re¥, + i in equation (83) here is implicitly w - Re¥, - i8

la. v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys., 1 (1975), 371].

*H. E. Brandt, Nonlinear Dynamic Polarization Force on a Relativistic Test
i Particle in a Nonequilibrium Beam-Plasma System, Harry Diamond Laboratories,
HDL~PRL-82-6 (May 1982) (to be published as HDL-TR-1994, 1983}.
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there.8/9/* Thus, there is also a disagreement in overall sign between equa-
tion (89) here and equation (22) of Akopyan and Tsytovich.!l In summary
then, equation (22) of Akopyan and Tsytovich! is in error; it should have an
additional factor of (-es), the fields and the conductivity tensor on the
right-hand side should be complex conjugated, and the explicit additional
factor of (1/2) there should be omitted.

Next, substituting equation (82) in equation (87),

. : dk, dk., dk, 6(k - k, - k, - k,)
Pdpkn = U015 Cnm g ®s (0 + 18)(wy + i8)(wy + i8)
(91)

(s)
XI iy lkik, ka3 B 1B 5By

Symmetrizing equation (91) in (i, k ), (j,kz), (z,k3), changing variables of
integration from k, to -k, k to -k 2 and k3 to k3, and using the reality
property of the field - = ﬁk then equatlon (91) becomes

dk, dk, dk;8(k + k, + kp + k3)

{2 = —=ft G (k)
Fapkn = C0 1g) nm Ees (0, - 18)(w, - i8)(wy - 186)

(s) (s)
[ ms z(k r=Kyo-Kps-k3) *2“:1:.‘ (ks =ky s -k3, -k )

(92)
(s) (s)
+ k'-k '-k '-k + k'-k -k "'k
zmjiz( 2 1 3) mJll( 2' "3 1)

*

* *
+z88) (k, %5,k -ky) + Z;i;i(k"k3r‘k2"k1 )]EkliEkzj Begn -

meij

Comparing equation (92) with equation (23) of Akopyan and Tsytovich, ! the
disparity of a factor of (1/2)(4m)(2m)~% in the latter is again due to an
explicit self-field factor of (1/2), the use of Gaussian units, and the dif-
ferent Fourier transform and background normalization conventions there.

. 2. v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys., 1 (1975), 371].

H. E. Brandt, On the Nonlinear Conductivity Tensor for an Unmagnetized
Relativistic Turbulent Plasma, Harry Diamond Laboratories, HDL~TR-1970 (Febru-
ary 1982).

%. E. Brandt, Comment on "Exact Symmetry of the Second-Order Nonlinear
Conductivity for a Relativistic Turbulent Plasma,” Phys. Fluids 25 (1982),
1922.

#*H, E. Brandt, Nonlinear Dynamic Polarization Force on a Relativistic Test
Particle in a Nonequilibrium Beam-Plasma System, Harry Diamond Laboretories,
HDL~PRL~-82-6 (May 1982) (to be published as HDL~TR-1994, 1983).
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Alternatively if the normalization is instead the same as that here, then
there is an erroneous factor of (2n)~3 appearing there. There is apparently
an error there. A factor of 1es has been left out. Note that by equation
(84) it follows that

£ 3] g0y imkpiky) == 2 g8 )g (kg ks ) (93)

Also in the conduct1v1ty tensor T(s) (k k1,k2,k ) given by egquation (21) of
Akopyan and 'rsytov1ch, the f1rst o complex denominators are implicitly w
- k-v - i and w + W, - (k + R ) - 16, respectively, there.* Also, there
is no overall factor of i as there is in equation (84) here. Therefore,

g (s) = —ip(s)
T nige (ke kyikyky) = 1'1~mﬂ(k,k1,k2,k3) . (94)
Combining equations (93) and (94) then
(s) (s)*
Emijo(ke-kqo-ky =ky) = Am 20 (k,ky kyrky) o (95)

In summary then, equation (23) of Akopyan and Tsytovich! is also in error and
should also have an additional factor of (ies), the complex conjugate of the
fourth-order conductivity tensor there must be taken, and the explicit addi-
tional factor of (1/2) there should be omitted.

6. THE TOTAL FIELD

Collecting equations (1), (2), and (3) the total field involved in the
bremsstrahlung scattering process and acting on the test particle is given by

Ek = ﬁfg(O) + 20V #2) + é;ll + <(152>l)< . (96)

Here 0(0) is the bremsstrahlung field whose dispersion relations are given by
equations (4) and (29) in the spatially isotropic case and equations (4),
(20), (38), and (39) in the case of isotropy in both ordinary space and mo-
mentum space. The s ochastlc roperties are given by equations (49) and
(50). The fields Eé‘ and l‘.’.k given by equations (77) and (78) are the
self-fields arisinf from the relativistic test particle's own motion. The
fields ?‘d x and E given by equations (89) and (91) are the increasing order
fields produced the nonllnear dynamic polarization current induced by the
test particle. The fields ﬁ 1) and Eézk are excited in nonlinear scattering
of the field by the induced dynamic polarization current. They involve the
three- and four-plasmon vertex, respectively, and play a Kkey role in deter-
mining the nonlinear contribution to the collective bremsstrahlung process.

1a. v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. 8. Plasma Phys., 1 (1975), 371].

*H. E. Brandt, Nonlinear Dynamic Polarization Force on a Relativistic Test
Particle in a Nonequilibrium Beam-Plasma System, Harry Diamond Laboratories,

- HDL~PRL~82-6 (May 1982) (to be published as HDL-TR-1994, 1983).
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7. CONCLUSION

An expression has been obtained, equations (96), (77), (78), (89), and
(91), for the total field involved in the collective scattering and brems-
strahlung of a relativistic test particle in a nonequilibrium beam-plasma
system. Dispersion relations, equations (4), (29), (20), (38), and (39), and
stochastic properties, equations (49) and (50), for the bremsstrahlung field
have also been obtained. These results are in agreement with those of Akopyan
and Tsytovichl with the exception of apparent typographical errors, and have
been used by them in their work on nonlinear bremsstrahlung in nonequilibrium
plasmas.

The present work, together with related work by the author,m’l"'“:':9 is
important for ongoing work in calculating collective radiation processes and
conditions for the occurrence of radiative instability in relativistic non-
equilibrium beam-plasma systems.

la. v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys., 1 (1975), 371].

10y, E. Brandt, Symmetries of the Nonlinear Conductivity for a Relativistic
Turbulent Plasma, Harry Diamond Laboratories, HDL~TR-1927 (March 1981).

lly, E. Brandt, Exact Symmetry of the Second=-Order Nonlinear Conductivity
for a Relativistic Turbulent Plasma, Phys. Fluids, 24 (1981), 1760.

124, E. Brandt, Second=-Order Nonlinear Cbnduct1v1ty Tensor for an Unmagne-
tized Relativistic Turbulent Plasma, in Plasma Astrophysics, Course and
Workshop Organized ty the International School of Plasma Physics, 27 August to
7 September 1981, Varenna (Como), Italy (European Space Agency ESA SP-161,
November 1981), 361 (also to be published by Pergamon Press).

134. E. Brandt, Symmetry of the Complete Second-Order Nonlinear Conductiv-
ity Tensor for an Unmagnetized Relativistic Turbulent Plasma, Journal of Math.
Phys. 24, (1983), 1332, 2250.

144" E. Brandt, The Gluckstern-Hull Formula for Electron-Nucleus Brems-
strahlung, Harry Diamond Laboratories, HDL-TR-1884 (May 1980).

*H. E. Brandt, Nonlinear Force on an Unpolarized Relativistic Test Parti-
cle to Second Order in the Total Field in a Nonequilibrium Beam-Plasma System,
Harry Diamond Laboratories, HDL-PRL-82-7 (May 1982) (to be published as HDL~
TR-1995, 1983).

tH. E. Brandt, Nonlinear Dynamic Polarization Force on a Relativistic Test
Particle in a Nonequilibrium Beam=Plasma System, Harry Diamond Laboratories,
HDL-PRI~82-6 (May 1982) (to be published as HDL-TR-1994, 1983). )

o« E. Brandt, Theoretical Methods 1in the Calculation of the
Bremsstrahlung Recoil Force in a Nonequilibrium Relativistic Beam-Plasma
System, Harry Diamond Laboratories, HDL-PRL-83-6 (April 1983) (to be published
as HDL~TR-2009, 1983).

Other related work prepared in preprint form will be published later and
is available from the author.
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